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PREFACE

Msthematics i{s such a vast and rapidly expanding field of study that there
. are inevitably many fmportat and fascinating aspects of the subject which,
though within the grasp of secondary school students, do not find s place in the
curriculum simply because of & lack of time.

Many classes and individusl students, howsaver, may find time to pursue
mathematical topics of special interest to them. This series of pamphlets,
whose production is sponsored by the School Mathematics Study Groupy is designed
to make material for such study readi’y accessible in classroom quantity,

Some of the pamphlets deal with material found in the regular curriculum
but in & more extensive or intensive manner or from a novel point of view.
Others deal with topics not usually found at all in the standard curriculum,
It is hoped that these pamphlets will find use in classrooms in at least two
ways. Some of the pamphlets produced conld be used to extend the work done by
a class with a regular textbook but others could be used profitably when teachers
want to experiment with a treatment of & topic different from the treatment in the
regular text of the class, In all cases, the pamphlets are designed to promote

the enjoyment of studying mathematics.

Prepared under the supervision of the Panel on Supplementary Publications of the
School Mathematics Study Group:

Professor R. D. Anderson, Department of Mathematics, Louisiana State
University, Baton Rouge 3, Louisiana

Mr. Ronald J. Clark, Chairman, St. Paul's School, Concord, New Hampshire 03301
Dr. W, Fugene Ferguson, Newton High School, Newtonville, Massachusetts 02160
Mr, Thomas J. Hill, Montclair State College, Upper Montclair, New Jersey

Mr. Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at
2lst, Philadelphia 36, Pennsylvania 19103

Professor Augusts Schurrer, Department of Mathematics, State College of Iowa,
Cedar Malls, Towa

Dr. Henry W. Syer, Kent Schocl, Kent, Connecticut
Professor Frank L. Wolf, Carleton College, Northfield, Minnesota 55057

Professor John E. Yarnelle, Department of Mathemstics, Hanover College,
Hanover, Indiana
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Chapter 1

INTRODUCTION

The usual definfition of the absolute value of the real number n {s:

n, if n >0
Inf = }

-n, if n <O.
This 1s also the form in which the sbsolute value is most comnonly used. On
the other hand, since students seem to have difficulty with definitions of
this kind, we prefer to define the absoclute value of a number in such a way
that it can be clearly plctured on the number line. You must svoid at all
-costs allowing the student to think of absolute value &s the number obtained
by "dropping the sign". This way of thinking about absolute value, although
it appears to give the correct "answer" when applied to specific numbers such
as -3 or 3, leads to no end of trouble when variables are involved. Other

less common names for absolute value are numerical value, magnitude, and

modulus.

By observing that this “greater” of a number and its opposite is just the

distance between the number and O on the Real Number line, we are able to
interpret the absolute value "geometrically”. In the Calculus, frequent use
is made of the notion "the maximum of",

The symbolism 2 always denotes the positive number whose square is 2,
The negative number whose square {s 2 is written -3,

Answers to Problem Set 1l-1la

1. (a) 7; the greater of -7 and 7 is 7.

(b) 3; the greater of -(-3) and its opposite -3 is -(-3) or 3.

(e) 75 6 -4 +5 is another name for 7 and 7 1is greater than its
opposite, -7,

{(d) 0; by the multiplicstion property of 0, (14 x 0) is 0, snd the
absolute value of O is 0.

(e) 1k; by the addition property of 0, (14 + 0) s 14, and 1L is
greater than its opposite, -14,

(£) 3; the opposite of the opposite of the opposite of 3 is simply
-3 and the opposite of -3, 3, {s greater than -3.
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2.

3.

2.

() nonenegative {e) non-negative
(b) nonenegative (f) non-negative
{(c) non-negative {g) non-negative
(d) negative

For the negative number x, |x| 1is greater than x since, for x
negative, |x| 1s positive by problem 2(b). Since any negative number
is less than any positive number, x < |x| for all negative x.

The set {-1, -2, 1, 2} 1is closed under the operation of taking the
gbsolute value of its elements, Taking the sbsolute value of each
element of tle set,

-1l =1 |2l «2 1] =1 |2 =2,

we find that the set of absolute values of the numbers of the original
set to be {1, 2}. Since {1, 2] 4is a subset of {-2, -1, 1, 2}, this
latter set is closed under the operation of taking absolute values of its

elements,

Yes. It is s subset consisting of the non-negative resals.

Answers Eg Problem Set l1-1b

(a) |-7] <3 or 7 <3. False
(p) J-2} < ]-3] or 2<3. True
(¢) 4] < 1] or 4 <1, False
(@) 2% {-31 or 2&3. False
(e} |-5| «i2] or 5 ¢ 2. True
(£r) =3 <17, True
(g) -2 < |-3] or -2 <3. True
(n) I > |-k} or 4 >4k, False
(1) | 2. =4 or 2° =k, True

(v), (e), (£), (g and (1) are true.

(8) {2] + |3} =2+3 =5,

() |-2] + |3l =2+ 3 =5,

(e} -(]2] + [3]) = ~(2 + 3) = -5.
(8) =(f-2] « [3]) = «(2+ 3) = -5,
(e) |7} (7 ~5)=7=~-2=5,
(£) 7 - ]3] =7 «3 =4,

(g) |-5] x2 =5x2 =10,

(h) ~({-5] - 2) = (5 - 2) - -3,

it
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(1) |-3}] - |2} =3 -2=1.

() -2 + |3 =2+ 3 =5,

(x) -(]-3] - 2) = ~(3-2) « -1,
(1) =(f-2] + [-3]) = ~(2 + 3) = -5.
(m) 3-]3-2[=3-1=~2,

() (|7} = 6) = =(7 - 6) = -1,

(0) |-5] x [-2] = 5 x 2 = 10.

(p) ~(|-2] x5) = -(2x5) = -10.
(@) -(]-5] x |-2]) = {5 x 2) = -10,

(a) |x| = 1. The truth set 1s {1, -1}.

(b) x| = 3. The truth set is (3, -3}.

(e¢) |x| +1 =4 The truth set is (3, -3}, the same as that of
[x} = 3.

(8) 5 - |x| = 2. The truth set is (3, -3}.
(e) The truth set is ¢.
(f) The truth set is {0}.

Some students may see these just by inspection. Others may think
of the fact that |x| 1is the distance on the number line from zero, so
in {(a), for instance, x must be 1 unit from zero. Therefore x =1
or x = -1, Still others may reason ar follows, for {(ad):

To find the truth set for 5 - |x| = 2:

If x>0, |x] =x,8 5-x=22 or x= 3,
If x<0, [x| = ~x, 850 5=-(-x)=2 or x = 3.
The truth set is ({3, -3}.

Have several students explain their reasoning, as this is a

splendid opportunity to check their understanding of sbsolute value,

Here students may have difficulty in finding a starting point. It may
be helpful for them to refer back to Problem Set l-1a, Problems 2 and 3.

(a) |x| >0 4s true for all real numbers x,
If x>0, |x| >0. See Problem Set 1-la, Problem 2(b);
If x<0, |x| >0, See Problem Set 1-1a, Problem 3(b).

(b) x < |x| 48 true for all real numbers x,
Ir x>0, x= ix|.
If x<0, x< |x].

(e} -x < |x| 1s true for all real numbers x.
Ir x>0, -x < |x],
If x <0, -x = |x].
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() -|x| <x 18 true for all real nuwers x.
It x>0, -|x| <x.
If x<0, -|x| = x.

% If x 1is negative, the absolute value of x, being the greater of the
number and its opposite, is the opposite of x, that is

x| = «x or -x = |x|.

Since -x and |[x| are in this case names for the same number, their
opposites also will be names for the same number, so that -{-x) = -|x|.
As the opposite of the opposite of x is x, we may say -{-x) = x and
finally

x = -|x|.

If the teacher has not had much experlence with graphs of inequalities,
he would find the pamphlet on "Inequalities" very helpful.

Answers o Problem Set 1l-le

1. ¢raph the truth sets of the following sentences
(a) |x| <bk -5 -4 -3 -2 -| i 2 3 5

The student may arrive at the required graph by trial of different
numbers for x, in the sentence. He may instead reason the exer-
cise out somewhat as follows: The sentence states that "the
absolute value of x 1is 'ess than 4", On the number line, this
statement becomes "x is less than 4 units from 0". Therefore,

the graph of "|x| < 4" {is the one given sbove.

{ 1 1
() xf >2 Pttt

As in part (&) ¢the student here may find the required set by trial
and error, or by recalling the interpretstion of absolute value as s
distance on the number line,

() Ix[ =3 s -4 -8 -2 - b2 4 5

Part (c) differs from part (a) in that the endpoints are in-
cluded, Heavy blsck dots are used to indicate this.

I 1 | | S 1
() Ixl 24 Tz 5
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(e) |x] < -2. ¢+ No graph. Absolute value of x caanot be negative.

Truth set contains every real number except O,

(&) x| > -1 B R S e e ey

Truth set is set of all real numbers,

() x| >

o

2. {(a) |x| <4 Note that the endpoints are included.
(b) |x| > 1. Note that the points whose coordinates are 1 and -1
are included. For the sake of brevity, we say "Points 1 and -1",

() x| >3.

The distinction between "and" and "or" must be carefully observed. In a
compound sentence, the use of “and” implies that both clsuses ere true, the
use of "or" implies that one, or the other, or both clauses are true. This is
the inclusive use of "or". If we are working with truth sets of open sen-
tences, the use of "and" implies the intersection of the sets, the use of "or"
implies the union o1 the sets. We can state this formally as follows:

Intersection: PNQ=(x: xEPAx £Q)
(P intersect Q 15 the set of all numbers x such that x is an
element of F and x 1is an element of Q)

Union: FUQ=(x: xgPVYx EQ]

Answers to Problem Set 1-14

1. (a) ang

(e) |[x] <§. (Alternate answer: - g < x <-§)

2. (€} and (E). (A) would be |x]| >8, (B) is the null set, (D) is
the set of real numbers,

3. (B} and (D). (A) states that temperature was below 5°, (C) indicates

all possible temperatures, (E) states that temperature was sbove 5°,

or below -5°.
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1-2, Subtraction, Diastance and Absolute Value

The relation between the difference of two numbers and the distance
between thise points on the number line is introduced here to make good use
agein of the number line to help illustrate ocur ideas,

You are no doubt aware, howvever, of the fact that (a - b) ®s a directed
distance and |a - b| as a distance are very helpful concepts in dealing with
slope and distance in analytic geometry,

Answvers to Problem Set l-2a

1l (a) |3 =7] (a) |t - 6]
() |6 - (-2)] (e} |y - 0]
(e} [(-B) « (-5)] (£) |m - (-4)]

2. {(a) The two numbers x such that the distance between x and 5 is 3
are the numbers corresponding to the two points 3 units away from

>
3

| NS N & N R B S | Si_~‘1 1
e SR N ) (2,8}
Though the above is the suggested approach to this problem, some
students may do it by the definition of absclute value,
If x-5>0, then 3 = |x - 5]
if x-5<0, then 3 = |[x - 5|

we get Xx = 2,

x -5 and x = 8;

-(x «5) = <x + 5, from which

\ [ S SR A S S S T O =
(0) -! -2 -1 0 I 2 3 4 5 6 (-3,7)
i L 1 1 | R I | 1 | & -2.10
(e) - o 4 o e sz (-2,10]
: i1 I G B U L1 T
(a) 7 8 5-4 -3 -2 -1 O 2 3 (-5,-1]

(e} ©. Absolute value is never negative.

£ L U B S T S &

T
1 8 1 i i § 1 ] § § 1

8 —ft ettt 3 (1,2)

The sentence states that the distance between twice some number and

3 is 1, Twice the number would be 2 or 4, hence, the nunmber is
1 or 2, By definition, also, if 2x - 3 >0, then 2x -~ 3 =1 and
x =2, 1f 2x-3<0, then ,-(2x - 3) =1, and x = 1,

6 17

{'71'3}

o
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(h)
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{a)

(e)

(£}

Tooe TarmaRTRRLTRL T A etie T T e T e g (e T 1T ) ORI R SRR S R L S R e v a mi R G e b N e

RE

10 2

- e

ol 373

L1 1
-8 -4 -3 -2 -

P S T
01 2 3 4 5

Answers to Problem Set 1-2

The truth set of the sentence |[x - 2] <2 13 the set of numbers
satisfying the inequality O < x < 4, We can state this:
{x: |x-2] <2} ={x:0<x<l].

S T R T -

S ¢ 3 2 1 i 2 3 5
Rather than use formal methods for the solution of the inequality,
the student will be guided dy the question: What is the set of
numbers x such that the distance between x and 2 1is less then
2? As in the case of the preceding problem set, however, the
student may work directly from the definition of absolute value
instead of the suggested approach,

For example, if x-2>0, then |x - 2| =x -2 &and
x=-2<2
x<h,

If x-2<0, then |x-2| ae(x«2) = -x+2 and
-Xx +2<2
-x <0
x>0

The set of all numbers y - such that y<e<b or y>12

1 1 i
<20 -6 -2 -8 -4 0O 4 8 2 6 20

The set of all numbers r such that -12 < r < -2

-“-2-0'6-6-4-20245

The set of all numbers b such that b < -7 or b >1
L i 1 & 1 1 1 1
'I-;-G-G-Q*S-Z - 0 ; 2

The set of all numbers c such that c < -4 or c>8

S W U T W W
-0-8 -6 -4 -2 0 2 4 6 8 0

The set of all numbers d such that -8 <d<-2

Ll 1 1 H—i—? i1 1
-6-14-12 -i0-8 -6 -4 -2 0 2 4
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3.

Te

(g) Since x| + 3 >0 1s equivalent to |[x] > -3, the truth set is
the set of real numbers and the graph is the number line,

(h) Since |x ~ 4| + 5 <0 1is equivalent to [x - 4| < -5, the truth
set {8 ¢, The graph can be shown by an unmarked line with a "o
at the end,

(A), (B), and (D) are equivalent. (C) 1s not equivalent, since it is
the set of all real numbers,

The graphs are all the same,

(a) If x| = x, then x>0,

(b) Since -|m] <2 s equiv-lent to |m| > -2, then m is the set of
real numbers,

(e) o

(a8) 1f J|u| = -u, then u <O.

(e} 1f |v| >0, then v dis the set of real numbers.

(a)
-8 -4 -g -2 -1 s 1 2 g 4 5
{(b) [ [ S |
-5 -4 -3 -! -I 8 ' ! 3 4 5

(e)

(&) [N 'S S S T S |
-5 -4 -3 -2 - O I 2 3 4 &

o b —ste— b —ny

Xy a %p

Since the distance between Xy and a and also between X5 and a8 |is
b, 1t is apparent that x =8a- b and X, =8+ b, Therefore,
8-b<x<a+Db, This assumes that b 1s non-negative.

if !x-eiﬁé,then ;5-_<x<19:.

If x>;§,then 5x+3>¥. o e !(5::4»3)-13{(%.

If x<19z,then 5x+3<{l. I<5x+3)-131<15;-

If |x+2/ <5, then -7 <x<3, Thus, 05x2<h9.'

° I
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Chapter 2
ADDITION AND MULTIPLICATI N IN TERMS OF ABSOLUTE VALUE

In Section 2-1, a precise definition of addition is formulated, first in
English and then in the langusge of algebra, Section 2-2 i{s concerned with
multiplication. It i{s difficult to find “"real life" situations which will
suggest what multiplication involving negative numbers cught to be, After we
have addition, however, insistence on the distributive property suggests how
multiplication must be defined. Section 2-3 on the us of absolute value
symbol when simplifying radicals follows appropriately after multiplication,

2-1l. Definition gg Adgition

Our immediate objective is more ambitious than Just to teach the arith-
metic of negative numbers., We want to bring out the important fact that what
is really involved here is an extension of the operation of ‘ddition from the
numbers of arithmetic (where the operation is familiar) to sll real numbers in
such & way that the basic properties of addition are Preserved. This means
that we must give s definition of addition in terms of only non-negative num-

‘bers and familiar operations on them. The result in the language of slgebra

is a formula for a + b 4involving the familiar operations of addition, sub-
traction and opposite applied to the non-negs:ive [a] and |[b|, The complete
formule appears formidable because of the variety of cases. The i{dea is simple,
however; and i{s nothing more than a general statement of exactly what we always
do in obtaining the sum of negstive numbers,

The main problem is to lead up to the general definition of &+ b in &
Plausible way, The case of the sum of two negative numbers is considered in
some detail first. Then the other cases are considered more briefly leading
up to the general definition first in English and then in the langusge of
’igebra,

Answers to Problem Set 2-1

1. (a) difference
{b) greater

(c} absolute value

20 (a) Yes
{(b) Yes

TSN WAL,
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3. This exercise brimgs out an important relationship which we shall see
again in Section 5-1 on Absolute Value of Complex Numbers, If we had a
section on the addition of vectors, it would alsc appear there,

(a}) Yes (e) The left member is greater than
(v) Yes the right member.

(e) No, 541 (£) [a} + [v] > j& + B]

(d) No, 5 f£1

4, Here are some possibilities

(a) 19 -2 =]9] - {2]

(v) |2 -9]>1l2] - |9l

(¢) 19 -(-2)] > {3] - {-2|
(a) {(-2) - 9] >{-2] - |9]
(e) [(-9) - 2] >|-9] - |2}
(£) 2 - (-9 > 2] - |-9]
(8) 1(-9) = (-2)] = |-9] - |-2]
(n) (-2) - (-9)] > |-2] - |-9]

From similar examples the student will, we hope, infer that for any resl
numbers & and b,
la - b]
la - o]

> lal - [vi,
> o] - lal.
5, (&) The student will probably use numerical examples, By definition,
however, we cén prove it,
If a=b, then |a-1b] = |b -~ af, since {O] = |O].
If afb, then a8 -D>0 or a-b<0,
If a-b>0,
Then |e -bl =a-b but b-a<0,s0 |b-a|l=-b-8g)=a-h,
Hence, |a - b| = |b - al.
The proof is similar for & - b < Q.

{b) The numerical examples from Exercise 4 could be used. We could prove
this as follows:

ol - la} = ~(|a} - [o]),

so that we now have ‘
la - v} > [af - Ib],

la - b >-(la] - |]).

In other words, if |a| # {b|, then |a - b| 1is greater than or
equal to the larger of |a] - |b] =&nd its opposite -({a| - [b]),
and this means that

10
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la - 5] >

lal - ol
1f |a| = |bf, then ’[a& - |v}{ = |o] = 0, so that the latter
inequality is salso true in this case.
The distance between a and b is found to be at least as great as
the distance between |a| and lb{, because & and b can be on
opposite sides of O while [a| and |b| must be on the same side,
6. la -b|+ [b] >]a] Addition Property of Opposites
la - v + o] + (~v]) > |a| + (~|o])  Addition Property of Order

2-2. Definition of Multiplication

There are several ways of msking multiplication of real numbers seem
plausible, It seems best to let the choice of definition of multiplication
be & necessary outgrowth of a desire to retsin the distributive property for
real nunbers,

Make clear to the students that what we are doing here is not & proof.

We couldn't prove anything about something which has not been defined. How-
ever, to guide us in choosing the definition we ask "If we had a definition of
the product &b for negative numbers, how would the numbers behave under the
distributive property?” We find that they would behave in such & way that

0= 6+ (2)(-3)

would have to be true., But if the uniqueness of the additive inverse is to
continue to hold, (2)(=3) would then have to be the opposite of 6,

As in the case of addition, the point of view here is that we extend the
operation of multiplication from the numbers of arithmetic to all real numbers
sc as to preserve the fundamental properties. This actually forces us to
define multiplication in the way we have. In other words it could not be done
in sany other way without giving up some of the properties.

The general definition of multiplication for real numbers is stated in
terms of absolute values because |a| and |b| are numbers of arithmetic,
and we already know how to multiply numbers of arithmetic. The only problem
for real numbers is to determine whether the product is positive or negative,



2.

3e

Da

Answvers to Problem Set 2-2

lal{b] = |ab]
The better students will be able to follow the proof of this:
Exactly one of the following is true:

asb = {a] . |b] Definition of the product
or of two real numbers.

& = =(af ¢ [v})
(Note that the two possible values of &b are opposites.)
Then |ab] 1is either |a]« [b] or -(|a|. |b]), whichever is greater

Definition of asbsolute value,

But |ale |b] 18 positive. Definition of the product

of two real numbers.
and -(|a] e |b]|) 1s negstive, Definition of opposites.
Rence |sb| = |a} .« |b]. A positive number is greater

than a negative nunber,

If n >0, then we know it is true from arithmetic,

1 1 1 1 l
If n <0, then E! =-3 T_T S="3° Hence, it is true,

provided n £ 0.

m {m]
If m=0,n#0, then |o| =0 d—‘m—=0.
m m iml m
If m>0, n>0, then 7 =3 -g?‘::a.
m m mf m m
If m>0, n<O0, then sl -3 and t_ﬂi.‘:gs--ﬁ'
m m iml  -m m
If m<0, n>0, then 2 "3 and Tn—['g_n_"'ﬁ'
m|l m ml _-m m
Ir m<0, n<0, then 1 “E and —nT—-—n-—-E.
sel = -(|a]{1]) Definition of Multiplication of
regl numbers.
{al = -a _ Definition of Absclute Value
-la} = -(-a) = & : Opposite of the opposite of a number

is the number itself,

If a=0, |a] = |-a|, since O = -0.

If a>0, |a] =8, -a <0, Thus, |-af = -(-a) = &
If a<0, |a| = -a, -8 >0, Thus, {-a] = -a.
Which completes the proof.

12
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6. If & =0, -0l =Ox| , Thus, -fa} = a = |a].
If a>0, then -|a| = -a and -2 <O0.|a| ~a Thus,

Te

9

-Ili <as [s[.

If a<O, then -[a| = -(-a) =a and -a>0.a| = -a. Thus,

-la] = a < |al.
Hence, -|a| <a < |a].

(a) |x - 2} «x -2 if
(b) |x=-2/ m2-x 1f

In Section 4-1, we shall
time being, the enmphasis

(a) If x+ 3 > 0, then
is @.
If x+ 3<0, then

gives x = - %; - %

(6) If x- 23>0, then

X - 2.3 4]
X - 2'5 0

solve these by s different method. For the
is on the definition.

[x +3] = x+ 3. Thus, x + 3 = x. Truth set

|x + 3] = ~(x +3). Thus, -(x + 3) = x. This

+ 3 &€ 0., Truth set is ¢.

|x - 2] = x-2, Hence, x-2=2x+5 x=-7.

But -7 - 2 $ 0, Thus, truth set is .

If x- 2<0, then
x'-l.

|x - 2] = «(x ~ 2). Hence, -(x - 2) = 2x + 5,

Since, -1 - 2 < 0, truth set is {-1}.

(¢) (%, -9)
(d) ["l, l; 3, 5}

(e) (]x«3] -1)(]x -
(£} Truth set of |x| =

3%« x-3 +1) =0 {2,4)
2 1is {2,-2),

Truth set of [x - 5| =3 is {2,8).
Truth set of compound sentence with "and" is {2},
(g) Truth set of compound sentence with "or" is {-5, -1, 3].

b = [af|b]

sb = -(|af[v])
= (v} faf)
= ba

Definition of multiplication,
Commutative property of multiplication

for non-negative real numberr..
Definition of multiplication.

13
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10. (&) Use Exercise 1 sbove. Since |aib| = {ab],
|=x + ma| = |o{x + &) = |m||x + a].

() |3x =12} <4 implies |3||{x - 4] <ad or [x-h[<-§.

Therefore, x 1is the set cf gll real numbers such that

d 4
k--§<x<1&+§.

2-3. Absolute Value and Simplification of Radicals

There is little confusion over the symbols ¥9, V=9, and -/9; but as
soon as & variable sppears under a square root sign we must be careful. The
difficulties come from the fact that the square root symbol always indicates
the positive square root and that the radicand must be non-negative. Counsider

ﬁ. If a 1s positive or negative, ae, the radicand, is positive. Thus,

E =a 18 true if a 1is positive but false if & is negative. The true

/2 - |al.

5 = 3]
f-3)2 = |-3] =3
{(a + b)e = |a + bl.

Suppose we have a radical such as ¥ifa. In this expression a must be non-

equstion is

Examples are:

negative; the definition of a root requires it. If a were negative we would
have what is defined as an imaginary number, which we do not consider here.

Some examples are

o3 o foxB e x = 3|x| /R,

but since x is understood to be positive,
3|x|/x = 3x/x.
fx -1 afx-1]/x -2 ={(x-1Wx-1, x>1.

Here is another interesting misuse of sbsolute value. Consider the following

“proof" that all numbers are equsl, If a and b are any real numbers, then
la - vf = [b - 8],
(8- 0)% = (b - a)f

&E~-b=b -8,

2
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2 = b,
‘-bo

Which step of this “proof” is faulty, and why?

The trouble with the "proof” can be best explained by inserting another
step.

(a-18)% a(b-a)?

/(a-'b)e-/(b-:)é
!a-b]-}b-a!,

because Jx° = Ixf. [x] -gx Hox20

-x {if x<0Q,

If a-b>0, then b -acx<o,
8 -b s «(b - a)
8 b =<b +8
8-bs=a-b
If a-b% <0, then b-a>0,
(a-b)=Db-a
-8 +b=b g

bD-aab g

Answvers to Problem Set 2-3

1. (8) 2/8|x|
(b) 2x/bx, and x>0
(c) 2x°/Bx, and x>0
2, (s) Lay3
(v) 2a 3/%a
(e) 2|a] ,t@
3. (a) }x“xﬁ +1
(v) a3

(e) x°+ x|




k. (a) 30x/Z, anma x>0
(b) 3ix|y/ay, and a >0, ana y>o0

5. (a) J‘;‘L

(v) gf%r ,and y £0
(e) g and x>0 and y >0

6. (a) hﬁx@‘ and x >0

3
(b) =5 and a0

Te (.) 2[B+b[

(v) Ix - 2]

3
(e) e - 3|

8. 2la|¥3
9. Eln%ﬁn{quxé'a and q >0

10, 2 - 1)§ - |2x - 1]

1
(8) x<3 2x<1, 2 -1<0, |[2x-1] = «(2x-1) =1 - 2

(v} x>-é-,2x>1,az-1>o, |ox - 1] = 2x = 1
(c)x:—}é-,Ex-lso, lex =1} =0

16
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Chapter 3
GRAPHS OF ABSOLUTE VALUE IN THE CARTESIAN FLANE

This chapter dealing with asbsolute value is valusble not only for the
opportunity it provides for recall of work done with absolute value earlier
in the pamphlet, but also for the opportunity it provides for examining what
happens to a graph when certsin changes are made in its eguation.

Answers to Problem Set 3-ls

1. (8) kx>0 (b) x =0

2, {(a) If k> O, then there are two horizontal lines, one, k units above
the x-axis, the other, k units below the x-axis.
{b) If k =0, the graph 1s the x-axis.
(c) If k <0, there {5 no graph.

3. (a) (v)
i : i ; 1 |
l l f ¢ e -gi {' WI‘ 4; - — { [ S 5
. SRR I T A L L
. 4[' + l; IS TR S _,-% + - - " _?....__JL___
+ e ( u (--) h - -— - NL—-P'{ —
NS RRREN N K
X I | i | 'El N %
R SRS AR . _ s dod
. y TL { - 4“ * i - * <+ 1 4 - 4+ —4 —".
I N
R ) P £ o] ¢ x
SRR T S S T ~+- =
{ ! i H
4 “T 4 T. “_T
1 4’ + I -4 T P - PO S 4 —
Loy |
2 4‘ T - ‘ ! J 1‘( 4 - S WS v G ¥ —
IAERREEREEEE
Fiéure for Problem 3(s) Figure for Problem 3(b)

17

€ ey




U oA, %fih

(e) (a)
[ b
ul || SERRENT/S NN
] T - ——
: :‘ — =4 - {l- j l— *’»——« _«iyr&L~g—« < -
~ N —_- + -4 -4 " —_—t— . -4
+ S S VO U S TR S S S WO SR NS Y
N ” ¢ - ’:2
1 t
o] | Z 0
—t —+
— et~
B B R Rk o 3 «L«—1
-4 - # Y S G §
P -— J} -«-4~—-1>—-{-r—4}---~ ﬂ‘lv < <
——ree ek —— l_ RS SUUNNSD VNI S, . c o
Figure for Problem 3{c) Figure for Problem 3(d)
(e} (r)
| Y ; 9 4
)
- —_— — - h— 4 —
- Sy
r— e —_— R - g
s 2 g —d o
| ] h 1 l
§imn o NIRRT R -+ -
- J y+z -a - «‘:m § _L; J -
{
] , =
- 011 ] _1x 0 B RN S
e -r——«{b—- = - 4+ -1 ¥ QU S,
[ SR o o s SR SR B s —d4 —3 -
R e e e R N A Suio PR Pk At -4 — —do— - <
1472{=3 B} 5 L G D U U S Y
R SRS SR SRR SRt b b e o i - —— - — - e R e ..‘_1.
L*JL« e - e —,—

Figure for Problem 3{e) Figure for Problem 3(f)

(g) No graph. ¢
(h) The entire guadrants ] and IV, y-axis and positive portion

of x-axis.
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Answers to Problem Set 3-1b

o

—-3 +

] 1

' r
D ST PR,

(a)

L.

b e e e e 4 r-4v+ ol el e e
—— —
[ W S SR SN
i

§ 14

i

BN

| RN

H i O 3! - I b4 i
Figure for Problem 1(a)

|
BE T
i i

tod
4 - . . i . l i
Figure for Problem 1{c)

-4 -T —4

P 1 L

ﬁ{éure for Problem l(d)iww h

oA ey e A o B e 4
. 1
|
e
+ +
v
r

 Figure for Problem i(e)

(£) The graph would consist of the
entire number plane except for
points on the line, x = -1,

19";
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2. (a) The graph woulu consists of all points in Quadrants II snd III,

negative portions of x-axis but not the y-axis.
(v) Since the truth set of |[x] < x s ¢, there would be no points

in {ts graph.

3-2. Graphs of Open Sentences with Two Variables

Whether x is positive or negative, the absolute value of x must be
positive, S50 every value of y 1is positive for every value of x except
0, For x=0, y =0,

A simple equation whose graph would be two lines which do not form a
right angle would be "y = 2{x|" or "y = -2|x|", or any equation of the
form "y = k|x|" where k is not 1.

Ansvers 1o Problem Set 3-Z2a

T
)]
[
T H H -
%%«w-%;Aw
LM .

i L 111

[ SU TN VI ) . 4 -L--‘
Figure for Problem 1l{a)
(v)
.-%-e-ﬂh.-% liel % 4;-24 — i — :I— . ‘% 4 -4; «q! ; 4 4 i
L. 4(. % ,l + 44—y ok R * J R - % J 4 - ‘ -
_&‘<;ﬁﬁ;" 4.4 ¢ yﬁ-\<gaf' l £ -
&4+ ié -1 SRR SIS { : 1 :
4 -4 -+~ . f — KA e ; 4 4
BB EE3 Z ' |
ORI IR RS B ST IS BRI [N U O =
- — -~ e ....%._,_ ---+--- e SR L i - A ‘
U SR S 1 l . l S G 4 4 l - . ‘.
Figure for Problem 1{b) Figure for Problem 1(d)
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(f)

(e)

i
-.m |
e - )
. r . v
1
+ 4 - 4
. .
L ?
' N
RS S rrm ot
| '
P
L Sdr——+
! .
< H <
y T

AR

~E

-t ey
i

¢
e e S R S
i

B e e S —a

. . X ety
A2

RV ————

- — ¢.?9 e )

Figure for Problem 1

Figure for Problem 1{e)

£)

(

(d)

e

Figure for Problem 2(4)

e e e ———r e
v v
ey -+
+ -

Figure for Problem &(&)

. [P -~ -

Figure for Problem 2f

e ke e - a

gure for Problem 2(b)

e

()

Fi

e — 4

Figure for Protlem 2(f)

Figure for Problem 2{¢)
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(a)

[EOTE—

e e ety 1rr¢ll4>.'1\‘.élu.‘l -
|

R S S S S S

Figure for Problem 3(4d)

Figure for Problem 3{a)

(p)

[N

B . e T T»‘;

Figure for Problem 3(e)

Figure for Protlem 3(b)

o~

Figure for Problem 3{c)
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4. Problea
1{c) The graph of "y = -|x|" can be cbtained by revolving the

graph of "y = [x|" '% revolution sabout the x-axis.
1{e) The graph of "x = -|y|"™ can be cbtained by revolving the
graph of "x = Iyl ~é revolution about the y-axis.

2(a) The graph of "y = [x| + 3" can be obtained by sliding the
graph of 'y = [xj“ up three units. . _ o

2(b) The graph of "y = |x| « 7" can be obtained by sliding the
graph of "y = |x|" down seven units.

2(d) The graph of “x = |y| + 3" can be obtained by sliding the
graph of “x = [y[" to the right three units.

2(f) The graph of "y = -|x| - 1" can be obtained by revolving
the graph of "y = |x|" about the x-axis and then sliding
it down one unit.

3(a) The graph of "y = |x - 2|" can be obtained by sliding the
grarh of "y = [x|" to the right two units.

3(b) The graph of "y = |x + 3|" can be obtained by sliding the
grarh of "y = |x|" to the left three .. ‘ .s.

3(d) The graph of "y = |x + 3] - 5" can be obtained by sliding
the graph of "y = |x|" to the left three units and down
five units.

5. {a) (b)

‘; r | r ot 1T oTe P R ]"v
NN e HTTT T _...;IJ-‘.J;
1T1J‘ : i 1]
'wa} ! | | 41
RERRRRR/S INRERERES
I;o%z T L4 Cot | 4‘;1
BRI Y 4 } o f —
i T ] L L — l la i R
| 0 o | ERE2
REREUER; o 23! f®
BEEERER IR ol L
ERER ! b I bl

SR B N N A R BRE
j N b cop P
SRS AU UG S U S U N N B A S

Figure for Problem 5(a) Figure for Problem 5(b)
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Figure for Problem &(b) Figure for Problem 6(d)

If x = 6, there are no possible values of y, since |y| = -1
and this is impossible, If y = |2|, there are two possible values for y:
y--g and y-el

x -5 -3 -3 -1 -1 0 o) 1 1 3 3 2
I x| 5 3 3 1 1ot otyr} 1!l 3] 3]s
[¥l o] 2 2 L List s &) ]2 2jo0
¥ 0 2 -2 4 -k 5 1 -5 L | -4 2 | -2 0




Anasvers to Problem Set 3-

1. The graph shown is the graph of B
[x| + [y] = 5, as vell as the
graphs of the four open sentences:

X +y =5, and 05:55
or X~y =5, and 0<x<5

e

1
B T —

cr-x+y-5,miﬂ-55:$0
or «x -y =5, and -5 <x<0

It vas necessary in these to limit R AR N
the values of X so that only the ‘
indicated segments of the lings L
would be included. Figure for Problem 1

t
]
e
]
. » i
Y S
' \
)

2. (a) Point out to the pupil the
four open sentences implied
here:

xX+y>5, .
or XxX-y2>5 X

or =X +y>5,

or X -y >5,

.
X

The graphs of the corres- X

ponding equations:

"X+y=5 or xX-y=5

1]

or ete,” are then drawvn with

dotted lines. Now note that:

BT T W B oy o e - - -
Figure for Problem 2(a)
X+ y>95 becomes y > «x + 5
X +¥>5 becomes y > x + 5

So the area above each of the lines where "“x +y = 5" e@nd
"ex + y = 5" is shaded. Also:

X-y>5 becomes y < x - 5§
X =¥y >5 becomes y < =X « 5

So the area below each of the lines where "x - y = 5" and
"-x -y = 5" 1is shaded. Therefore the graph of |x| + |y] > 5
is &1l of the plane cutside the graph of |x| + |y| = 5,

‘ L]
3




(b)

(e)

(a)

In the same line of reasoni
Ix| + |y] <5 implies:

x+y<5
and x -y <5,
and -x +y <5,
and -x - y <85,

ng

Hence, the graph is the area

inside the graph of

Ix| + {y] = 5.
Verify on the number line
that "ly| < k" 1s equiva-

lent to "y <k &nd
-y < k", vhereas "ly| > k"

The graph is the same as
that for (b}, except that
the lines are solid to
indicate that the graph of

Ix| + ly] =5

i{s included, as well as the

graph of |x| + |y| <5.

"Ix| + |y] € 5" implies
"Ix| + ly| =5 or

Ix| + ly| > 5", so the
graph is the same as that
for (a), except that the
lines are solid.

IR ID AR U N O
Figure for Problem 2(b)

18 equivalent to "y >k or -y >k"

26

Figure for Problem 2(4&)

3:



i

- - = .nm.
o [N R
| ] -] ;
i
. ol
) 2| A S
b3 I -
t
m] ] o]l o N~ O
e b — e oy — - -~
R ettt 4 ey
-4 e~ oo L
P IR
0
0
a| o] m.
t '
[
aﬂ- (A2l Q Q
= =¥ - -4
[ ] 13 muo
v 3
- -r [ 4 [ -]
L QO @
L JPRI
\¥o) O [14] (14 @
' [ w Ay ALV VY
@ m H K H X
™ | en
v I 279 2T
)] M m =
a m [ ] o
T t— =r = m <+ - [ - »
] ] a oy ™y oy (Y
[+] m [ | [ ] ] N
7—4 -1 < 4 u L7 P o o >y
0O T+ 4+
L T~
1= « B onowonx
| Zl == &K

3.

Figure for Problem 3

—

Ansvers to Problem Set 3-2c

a0 by -.-“;l L YO
R

Y U g

Figuré for Problem 1(b)

Figﬁre for Problem i(af

‘3).-\
).

27




1 | N . { - v
ot I N B S N N b/ I ;
T ﬁ ™ 1 <
| | | | .
- . ] ; e ‘ —
to | ! Lo ’ Yy
' | R ) I . S
! IR S S B A TR _ T
; f i | ; L : . ¢ \ \Rw.
% ¢ S S ¥ + + + + +
M I T A B B 1 ! s
t 1t N by O —t —t—t
! ; il R | i 8 ; ! . — B
+ * ¢ O ¥ &2
J L Q I : S
N 4 A i A 4 4
. ﬂ H _, __ i .o
i DS S 0 SO 4 —
T D S S A ‘B ! , . | H
ooy oo 0 : by , 2
Tt 1Tt —+ ™ + t———f— b
; ! ‘ ~ _ i ' __ p. ! L M _ | I ! . . o
P o 4 4 Y % —
[ | | IR .- i o _ . -
-+ § . + $ i | . - w i . 4 i i —t mu -
T i T T -t T T : o <o
. . " ” . T 4 )| #_ (< “ 4 + + S « - ¢ 3 e
T T L ' v | i 4 i 1
| iy i b P - ' ) )
o~ < + ‘ -
v o
g Nt
9]
. ; NN o
7 i L ¢ U : . ; N
4 Sy e - v T +
oy Cy .
;vl#t\fd..llJ eroltf*(, I‘, — 4 1 - - — 4 4 - +. . \-MI
\{sr(;ailolibr!.fltw [V [ U D DAY flM ‘,*ib‘iifl*‘i#li\‘vt‘[ b = D
« o ' _ ,
e T s ST B e e e S NS S —
T 1 ] _ « &
e s Wlx [v»l‘t)‘lﬂtol.f.’lwl*i 6 B e e St | g 1#11\1:0»?%?@:41‘;_7111v st o \*vl*«t'.i_..ltné\i m
r‘lLTl\t.l -+ ‘flliv P— v e e e - = 2 ‘<l_‘\§ ¢ R—— ‘»,?.“t¢;‘4* gy m
“4 . ) . i B
. = . B — frannt
! i [ 3 . 1 e IV $e
U AU O S - O - e ' PR P sy
D . Bt ' v
s cause et R ane el ..Tlcl - o A ' v ¢ ed — v
!lé_i:*, R SEEL S - -HM .,f:\&\i.l( - Tvl.+..|.ﬁ6 b v um
: . i : ']
-— «Tv?‘wwﬁ\«.:).t lI%.\! - M we e me & e 4 - e m Rt ot 1;01\14!0 B . I e e I S ] w“
skt thliea st S S 14 — e o P - — -‘(Jhw)bb_‘tx‘r\i R e T T e ——
| .
\..l R e iR LS T | e e e e e \.t.w. ;Vlo!.i‘”w.l\i.llvw\)\wv‘:é\}lv! B e e SIS T.T
L “ ' : : ~— ' ‘ i : :
[N SUUSP RN SNSRI SIS S bt — ————t -

2.




Chapter &

ABSOLUTE VALUE AND QUADRATIC EXPRESSIONS

k-1. Absolute Value and Quadratic Equations

The method of solving equaticns involving absolute value by squaring both
members is s convenient alternative to what might be called "the method by
definition"”. It does involve, however, the difficulties which occur when you
square both members of an equation.

If & =b, then a and b sare names for the same number. If that num-

ber is squared, a2 and be are names for the new number and 32 = be. It

can be proved as follows: If a =b then &2 =8b and ab = bg; SO a2 = b2

by the transitive property of equality,

This does not work in reverse because there are two square roots of a

and of b°. Thus we could say that (-3)2 = (3)2, but -3 £ 3.
Consider the following: ’

Equation Truth Set
x =3 {3}

2

¥ = 9 {Sp'j}

It is apparent that squaring both sides of an equation does not yield an
equivalent equation. And yet in solving certain equations involving square
reots or absolute values we nheed to square both sides.” We do so then, bearing
carefully in mind that we may expect to find a larger truth set in the new
equation. We must therefore test the members of this truth set to find which

ones really make the original equation true.

Answers to Problem Set k-1

1. (a) Jox]

2}

Lx'

x + 1

i

2
X +#2x +1

1l

2
X -2x-1=20

(3x + 1){x ~ 1) =0

I x+1 =0 or x =1

X = - % or X =1

If X = =

V] =

, the left member: |[2(- %)f =

witry

the right member: - % + 1 =

wilt)

€ .
(}/‘

t



2.

If x = 1, the left member: [2.1| =2
the right member: 1 + 1 = 2

The truth set is (- %,l}.

() x- x| =1
x-1= |x|

xe -2x + 1 = xE

2x +1 =0

X = =

2
If x= -é, the left member: % - Ié! =0

the right member: 1
The truth set is ¢,

(e) (1)
(a) {-1,7}

(e) o (% and -1 do not check)

(1) x° - |x|-2=¢
x2 - 2= lx[
xh - ng + b = x2
L 2
x -5+ L4 =0

x=1 or x=-1 or x =2 or x=-2
1, and -1 do not check. Truth set is

ix - 3 = x + 2
x2 “ X 4+ 9 = xg + 4x + b

X =

v 1=

The truth set is {=].

nof
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k-2. Solution of Quadratic Inequalities

This material requires considerable understanding of inequalities. The
parphiet “Inequalities” covers this material i{n detail, The multiplication
property of order states:

(a<b)A(c > 0) == ¢ < be
(a<b)A(c<0}-—-nc > be

The solution of problems, like 1 < |x + 2| < 3, by the method of arguing

‘ by cases can become rather tedious if we must use it each time that we ‘want to

eliminate an absolute value symbol. It i{s easier to suifer through the argu-

ment once or twice t¢ prove general theorems, which we may then use later with-

out resorting to the two cases of the definition: (i) O <x, (1) x <o,

in each problem that we meet. For this reason, we prove the next two theorens.
Suppose 0 < a. Then

|x| <& 1f 8nd only if -8 <x<a,

Proof. ("Only 1f") We show first that {f |x| <&, then -s <x <a.

Case {1): If O <x, then |x| =x and so if [x| < &, then

0 <x<na; hence -8 <x<a, since -a <O.

Case (1{): If x <O, then |[x| = -x >0 and so if [x| <&, then
O0<-x<a, or -a<x<0 and since 0 < &, we can say -a<x<a.

For the "if" part, we prove

If -a<x<as, then (x| <a,

Case {1

e

¢ If O
from OSx and x <

|

<x and -a<x<a, {i.e., -8 < x a&nd x < a), then
8 1t follows that x| = x <& and so [x| <a.

Case {(11): If x<O and -s<x <&, then x = -|x|, and
-a < =[x} or |x| <a.

Suppose O < a. Then & < |x| if and only if, either x<-a or
BSX-

Proof: ("Only if")

Case (1): If 0<x and &< |x|, then a<x.

Case (i1): If x <O and &< |x|, then a < -x, or X< -a

("1e")
0<a end a<x give 0<x; s0 x = |x|

Jde
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Therefore, if & < x, then a < |x|. Also O<a{or -a<0) and
x <-a glve x<0; 80 x = -[x|. Therefore, if x < -8, then -|x] < -a
or a < |x|.
Example: Solve 1 < |x+ 2] <3
Solutfon: 1 < |x+ 2| <3 1f and only if

[x +2<-1 or 1 <x+2] and [-3 <x +2<3)]
[x<-3 or -1 <x] and [-5<x<1]

Combining-these cases, -

[x < -3 and =5 <x<1] or [-1
[-5<x<+-3] or [-1

<x and -5 <x<1]
<x<1]

The combining of the two cases is actually the use of the Distributive
Property of propositional logic: (a \ b) A e={afec) V (b Ac), wvhere
a=(x<-3),b=(-1<x), and ¢ = (-5 <x<1); using A for the conjunc-
tion "and" and \/ for the inclusive "or". This point will have to be made
by sppealing to the student's acceptance of the same meaning for the two cases,
Number line disgrams may be helpful to make this point.

We can use the first theorem to give a proof, devoid of case arguments,

for the so-called "triangle inequality",
ly + 2] <yl + |z
Proof: 1In Problem Set 2-2, No, 6 we proved

-yl <v¥ < |yl
-zl <2 < |2

Hence, adding

Uyl + [2]) <y + 2 <yl + |2,
If we let x=y +2, 8 = |y| + |z|, ve have by the first theorem
-a<x<a

which was proved to be equivalent to

Or, substituting, ly + 2| <ly] + |z

Additional problems, using this method, with answvers
1. (&) |x+3] <5 if andonly if -5<x+3<5, i.e., B<x<2
4
(v) |3y -2/ <2 05y5§

(¢) [ -m|>6 {fandonlyif 4 -m<e6 or 6<b -m i,e,

10 <m or m< -2
32
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1.

2.

3.

Se

(¢) {2 -p| >k P<+2 or 6<p
6 - 2x

(») |22 X< 0 or 6<x

(f) «1<|=x-3]<1 l1<x<2

Ansvers to Problem Sét-k-e

xa‘-hx§3<0
xz-ux+h<-3+h
(x-2)2<1

[x = 2] <1
x>1 and‘x<3

- - - - . -

‘The truth set is the set of all numbers such that 1 < x < 3. It s

convenient to use set builder notation here. The answer is then
written: {x :1 <x<3).

{x:x<1l or x>4)

-5 -4 -3 -2 + 2 3 [
x2-1<-1'
xe-x+%<-l+é
(x-%)2<-{-’ This is impossible. o

X .- x> el

1,2 3
(X-E) >'E

This is true for sll real numbers. The graph is the entire number lipe.

X2 - bx + 9<0
(x-3)2§°
|x - 3] <o
. ) M I U S N { | S|
{x : x = 3) -5-4 -5 -2 -1t 0 | 2 _t 4 5

. 1 ' S| S W W L
(x:-2<x< 4 ol

33 0
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9.

10.

11,

X + 3

6(-x" + 1) > 13x

6x2+13x<6
x2+}£x <1
x2+-1£-x “%%Qi<l*%§!9;

x e Bl <

{x

£ 23

213 - A3 213 + 313

(x : x<<1 or x>1)

>0 and x £5

X=5

Since (x - 5)‘? >0, then (x - 5){x+ 3) >0

xg-ex-15>o

xg-ax+l>16
[x = 1] >4

. ~ TN N S SR T S 1
(x:x<e3or x25) W T3 4 S
{xi>x2
KE>X&
x&-82+1<1

T3

e 1 1
1x° -3l <3

] ] L1 [ N
(x : 0<x<1 or ~1<x<D90) "6 3 —zﬁ-‘fLa 3 4

3k
.

S8V TANSS,
AR



1%,

15,
16,

17.

{x: x<1 or x>Al)

-3 -2 - o 2 3
x| >x +5
xe>x2+10x‘+25
10x < 2%
: - .. . U S N S S SR SRR S
{x:x<-3) 3 2 1.0 | 2 3
[2x - 1] >x°

If 2x ~ 1 >0, then 2x-1>x2

2

O0>x" =a2x + 1

05> (x-1)°
¢

If 2x - 1 <0, then -(2x - 1) > x2

G>x2+2x-l

(x : =1 - B <x<.1+3)

47 ++/Z
—;M.A_
I 2

-4 -3 -2 | 0o

(Note: It is interesting to sketch the graphs of y = x° and
¥ = {2 - 1| on the same axes and see that this is true.)

Both are equivsalent.

[x[(x = 2){x + 4) <O {x : -4k <x<2, except x # 0}

1x - 3]

=5 >0, Stnce [x-3]>0,x-2>0, but x -3 cannot be 2qual

to O. {x : x>2, except x £ 3)

35
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Ansvers to Problem Set k-3

1. |x°+x| <y

Graph y = {xa + x|
Other than those values vhere

x2 + x = 0, consider x2 +x>0
or x2 + X<0,
(1) 1r x4+ x> 0, then -
1€ 4 x| = %%+ % So, the . *

graph of y = xe + X 1is the

parabola. Hence, the graph

———
-
%~
-
-
- o ——

of y > x2 + x 1is above this
parabola and in the domain

~

x*+ x>0, 1,e,, x>0 or x<-l, For, x(x+ 1) >0, then
[x>0 and x+12>0] or [x<O0 and x + 1 <0].

{x: x<-<1 or x>0}.

2

(2) If x"+ x<0, then x(x + 1) <0, or [x<0O &and x+ 1 >0] or

[x>0 and x +1<0]. {x: -1<x<0 or ¢}
The union gives the interval, -1 < x < 0, So, the graph of the

solution set of y > -(xe + x) 1in the domain x‘? +x <0 is the
region sbove the parsbols and between x = -1 and x = 0.

.'e The graph of the sclution set of fxg + x| <y 1s the union

of these two regions and x = -1, x = O,

36
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We recall here that y = x° - 6]x| +5 implies:

{xe-éx-&s, x>0
y¥=

x2+6x+5,x<0

-
w47




Chapter 5

ABSOLUTE VALUE, COMPLEX NUMBERS AND VECTORS

5-1. Absolute V_lue of a Complex Number

If the student has had no work in complex numbers he should not attempt
to do this gection. In many Algebra I texts, however, there is an introduc-
tion to the topic of complex numbers. If the student has had the application
of the four fundamental operations to the complex numbers, he might well
continue with this section. Another pamphlet of this series entitled "Cémplex
Numbers" is devoted entirely to this topic and includes most of the material
in this section.

The representation of complex numbers by points in the plane had s gresat
effect historically on the acceptance of the complex number system by mathe-
maticians. This geometric representation overcame the feeling that the com-
Plex number system was not concrete. It was found that the complex number
system could be employed in the solution of geometric problems.

The notion of absolute value is & purely algebraic one, even though its
definition is geometrically motivated. All of the properties of absolute
value can be established algebraically.

The real, nonnegative number Jae + be is called the absolute value
(or modulus) of the complex number, and can be written la + bif, The angle
8 associated with the number a + bi 1is called the argument {or amplitude)
of a + bi.

Answers to Problem Set 5-1

1. (a) 5 (@) /2
{(b) =~ (e) Jng + 2
(c¢) ©
2. Let z =x+ yi, then ]zT - 22y , and
° y2

39




3. (&) The single point (1,0)
(b) Let z=x+yi, x and y real

Then X + yi = Jx§ + Yy . Since Jx§ + yé is real, y = 0. Hence,

X = JQE. By definition, the truth set is the set of points com-
prising the non-negative x-axis. '

(¢) Since 2z cannot be zero, the given equation méy be transformed
into the equation |z| = 1, and this {s the equation of the unit
circle.

4, Let 2y =X +y;1 and z, = x, +y,l

it

Then |zy2,| = [(x + y1)(x, + y 1) |

xyxy = yyvp) + (v + xv )1

PR - oxxpyvy ey B ex By e e xn g *"2?3' ,°
= /:;2(::22 +‘y22) + yle( xge + ygg)

/xle + y12 /x22 + y22

ERIEX

H

i

5. Let 2y = Xy + yli and 2, = xg + yei
(

men L _R* y1 (%, - yp1) (x4 yyy,) 4 (xyy - 1)
z, - 2 2 - 2 2 .
X Y ¥ X * Vo
22 5 2.2 2 22
a2k R R T I R TR
Zy - ] x2+ 2
2 7o
5 ) 2
B P ey B ey B P e v D)
= ) S
Xe + y2
[ 2 5
N N |z, |

L0



6. Using the fact that the sum of the lengths of two sides of a triangle is
greater than or equal to the length of the third side, we have

Ezl - zgl + Ize‘ 2 izl* and tzl - 22! + Ezl! 2 !zgl

or

25 ana 2y - zyl > f2,] - |2y

|2y = 2yl > ]2,

From this we conclude

!21 zgt ?_’ Hzll - IZEH

Te The triangle with vertices 0, 1, 2 Y
is shown in the figure at the right.
The lengths of the sides of the tri-
angle are 1, |z|, |z - 1]. z

If we multiply each of these lengths
by |z|, we obtain |z|.1, |z|.]z],
lzfefz = 1] = |2° - 2
the lengths of the sides of a tri-

« These are

2
angle whose vertices are 0, z, 2°

as the second figure clearly shows,

The two triangles are similar becsuse corresponding sides are proportionsl.

To obtain s geometric comnstruction for 22, one must choose a unit of
length on the x-axis, draw a triangle with vertices C, 1, z, and then
construct a second triangle similar to the first one by méking each side
of the second triangle |z| times as long as the sides of the firvst,
The vertex of the second triangle which corresponds to 2z of the first

(o]
triangle is z°,

L1
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5-2. Complex Conjugates

This section is concerned with those aspects of the complex conjugate
vhich involve sbsolute value, A few preliminary remarks are made sbout the
conjugate of a complex number, It is sssumed that the student will have had
some other experience with conjugates.

The introduction of the notion of complex conjugates has several impor-
tant consequences, It makes possible the simplification of computations in-
volving absolute values and multiplicative inverses; the algebraic representa-
tion of the geometric operation of reflection in s line; the algebraic formu-
lation and manipulation of statements involving the resl and imaginary parts

of the complex number; the algebraic representation of geometric relations in
terms of complex numbers,

Answers to Problem Set 5-2

1l (2 -« 31) = -2 + 3%

(2-31) = 2 +31
2 -3t =/ +9 =413
[27-31] = |2+ 31| = /13
1 __2-31 _2+31 2 3,
2 - 31 2 - 31]2 13 13 7 13
l2-31]% = (/TD® = 13
(2 - 307 = f2 - 311 =13
L 4+ 51 . . 2 3 (.2
PR =(4 + 51)= 3 - (& + )i)(ig + T?i) - T3 + 131
3 1 ) 3 . 46
2. (a) 2+ (- 34 (e) - =+ EE“
1 .3 1 3
(b) o] +-1—O-i () 5 ('E)i
1 5 9 38
(c) - i3t (- T§>i (g) - 35t (- §§)i
? 26 3
(q) 5 §§i (n) -3+ (- §)i

3. {a) circle of radius 3 with center at (2,0)
(b) set of points exterior to circle of radius 3 with center at (-2,0).
(c) set of points interior to circle of radfus 4 with center at (0,2).

(d) set of points interior to, or on, circle of radius 5 with center at

ZO.
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be [x+yi-(2+31) =5
f(x-2)+cy-3)if-5
fx - 2)%. +(y - 3)°
(x - 2)2 + (y - 3)2

x2+y2-hx-6y-12=0

The set of points satisfying the given equation is the circle of radius
5. with center at (2,3),

5¢ Since ye 20, x2 + ye > ::2. Hence, ~/x + y2 > ﬁ. This gives

[x + ty| > | x] > Xy therefore, |z } > X

ol 2yl e (e - TR - 5005, - )
'21;“1 +z222-?122- 2,2
= ’zlfe * ‘22’2 - R -y,
2+ 2l% = (2 + 22 H ) = (2 + 20z + %)

TREH YLtz oz,

S LR ENER RS
e, [ = 5l ¢ 13, + 2,0 - erzlfe izl
Te It is sufficient to show that ;: : - :ZI:
2 z
Z e } t
But l)(_l) ( ZXZL) z121 E:Ifé
2 2

8., (a) The distance from the origin of z) 1s less than that of 250
(b) 2z 1s cn the circle of radius 5 with center at the origin,

9¢ If 2= x+ yl the stated conditions become x = Y, Jxe + y'2 =1

the solutions of this pair of equations are x = i, ¥ o= L and
¥2 2
X = - L, y = - L o The solutions of the problem are, therefore,
2 2
2='L+‘Li, -—l“iin
2 2 2 2
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10, The point z belongs to the set if and only if |z - 3| < [z - 2],

that is, if and only if the distance from 2z %o 'EO is less than the

distance from z tw 2z This will be true if and only if the point

Ol

z 1lies on the same side as 'EO of the perpendicular bisector of the

line segment Joining z. and 2 This perpendicular bisector is the

0 o
x-axis, Thus the set is the set of all points z shich lie on the same

side of the x-axis as EO . This can also be established by calculation,

11, The proposition is true provided x and y are real, In this event we
have
x| + |y| <2 |z] if and only if
(Ix] + IyD? < 2|2[?
Now |22 = x° + y° and ve heve }x}e + 2]|x|ly] + [y[e < 2[xf2 + 2[y[2

this reduces to 0 < x| - 2lx|ly] + |¥]® or o< (|x| - Iy])2 which
is true because the square of any real numwber is non-negstive. Q.E.D.
The proposition is not true for all complex values of X and y a8 the
following counter example will show,

Let x=8+21 and y = -1 + 44, then |x] = /&8 = 217 and
Iyl = 17

lx| + ly| = 3/17

z=x+yl=(8+21) + 1(-1 + ki) =% + 1, So |z| = ¥I7T. It is

faise that 2 /17 > 3/I7, hence in this case |x| + |y| is not equsl
to or less than 2 |z,

Ly




